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The present work deals with quantum cosmology for non-minimally coupled scalar field in
the background of FLRW space–time model. The Wheeler-DeWitt equation is constructed
and symmetry analysis is carried out. The Lie point symmetries are related to the conformal
algebra of the minisuperspace while solution of the Wheeler-DeWitt equation is obtained
using conserved currents of the Noether symmetries.
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I. INTRODUCTION
The recent observational evidences [1]–[7] that Universe has been going through an accelerated
phase of expansion is contradictory to standard cosmology. However, the observational evidences have
been nicely accommodated in the framework of general relativity by incorporating an exotic matter
[8]–[10] having large negative pressure, namely the dark energy (DE). The simplest and the automatic
choice for the DE candidate is the cosmological constant [11]–[16]. But this choice of DE model
[17]–[21] is not acceptable to the cosmologists due to its two severe problems: extreme fine tuning
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2problem and the coincidence problem [22]. So cosmologists have been trying for dynamical dark
energy models having a variable equation of state (with negative energy) [23] to accommodate the
observational evidences. In the present work, the dynamical dark energy is chosen as a non-minimally
coupled scalar field having self interacting potential [24]–[30]. The evolution equations of the present
cosmological model are highly non-linear and coupled second order differential equations. It is hard
to find exact analytic solution using the usual techniques. Here symmetry analysis technique will be
imposed to find analytic solutions, particularly in the quantum domain.
There are significant developments in the symmetry analysis over the last century. In particu-
lar, symmetry study is now not only confined to the study of global continuous symmetries (namely
translation, rotation etc.), but it even deals with local continuous symmetries, particularly local gauge
symmetries, internal symmetries to the space–time in cosmology, and permutation symmetry in quan-
tum field theory [31], [32]. Today it is generally believed that symmetries are the key tools in the
formulation of fundamental physics: Principle of relativity in Einstein’s construction of special rel-
ativity, general covariance in general theory of relativity, group theory in quantum field theory and
symmetry principles in standard model for particle physics.
In the present context, basic geometrical symmetries (of the space-time) namely Lie point and
Noether are very useful in physical problems. Mathematically, Lie point/ Noether symmetries play
an important role either to simplify the physical system or to determine the integrability of the
system [33]–[38]. Noether symmetry of a physical system is of much interest because it provides
conservation laws for the physical theory. In particular, symmetries of dynamical systems are related
to their first integrals for the physical quantities which do not evolve with the system and are related
to the fundamental physical quantities, namely energy, linear momentum, angular momentum, etc.
[39], [40]. Further, in the context of quantum cosmology, Noether symmetries help one to obtain a
typical subset of the general solution of the Wheeler-DeWitt equation having oscillating behaviors
[41], [42], [28]. Moreover, in the context of minisuperspace criterion they also select equations of
classical trajectories [42], [43]. So Noether symmetries act as a bridge to relate classically observable
Universe to quantum cosmology.
In the present work, Wheeler-DeWitt (WD) equation in quantum cosmology is constructed for
non-minimally coupled scalar field cosmology in the background of FLRW space-time model. Basic
geometric symmetries of the space-time namely Lie and Noether symmetries are used to the WD
equation as a tool for solving it. Also conformal symmetry has been studied in the context of quantum
3cosmology. The paper has been organized as follows: The minisuperspace approach in quantum
cosmology has been introduced in section II. Section III gives a general description of conformal
symmetry. The WD equation is formulated for the present cosmological model in section IV and wave
function of the Universe has been evaluated using Lie symmetry of the hyperbolic partial differential
equation. A general construction of the Noether symmetry has been presented in section V. Using
this Noether symmetry the WD equation is simplified to a great extent and possible solutions have
been derived in section VI. Finally, the paper ends with a brief discussion and concluding remarks in
section VII.
II. QUANTUM COSMOLOGY: THE MINISUPERSPACE APPROACH
The symmetries in superspace characterize the metric and matter fields while minisuperspaces
are restrictions of geometrodynamics of the superspace. Usually in cosmology, physically relevant
and interesting models are defined on minisuperspaces. The common and simplest minisuperspace
model consists of homogeneous and isotropic metrics and matter fields so that the lapse function is
homogeneous i.e., N = N(T ) with vanishing shift function. Thus the metric on the four dimensional
manifold can be written as
ds2 = −N2(t)dt2 + hab(x, t) dxa dxb, (1)
so that the Einstein-Hilbert action takes the form
A(hab, N) =
m2p
16Π
∫
dt d3xN
√
h
[
KabK
ab − k2 + (3)R− 2Λ
]
, (2)
where Kab is the extrinsic curvature, k = Kabh
ab is the trace of the extrinsic curvature, (3)R is the
three-space curvature scalar and Λ is the cosmological constant.
As the homogeneous three metric hab is characterized by a finite number of functions q
α(t), α =
0, 1, 2, ....(n − 1), so the above action takes the form:
A
(
qα(t), N(t)
)
=
∫ 1
0
dtN
[
1
2N2
fαβ(q)q˙
αq˙β − V (q)
]
, (3)
where fαβ is the metric on the minisuperspace. This action has the familiar form of a relativistic
point particle having self-interaction potential V (q) moving in a n-dimensional curved space-time.
Now, variation of the action with respect to the field variables qα(t) gives the equation of motion of
the (equivalent) relativistic particle as
1
N
d
dt
(
q˙α
N
)
+
1
N2
Γαβγ q˙
β q˙γ + fαβ
∂V
∂qβ
= 0, (4)
4where Γαβγ is the Christoffel symbol, while variation with respect to the lapse function gives the
constraint equation
1
2N2
fαβ q˙
α q˙β + V (q) = 0. (5)
As a result, the general solution of the above evolution equations contains (2n−1) arbitrary parameters.
We shall now discuss the Hamiltonian dynamics of the system. The canonical Hamiltonian is
defined as
Hc = pαq˙α − L = N
[
1
2
fαβpαpβ + V (q)
]
≡ NH, (6)
where pα =
∂L
∂q˙α
= fαβ
q˙β
N
is the momenta canonical to qα and fαβ is the inverse metric. Using the
above expression for pα to the constraint equation (5) gives the Hamiltonian constraint equation:
H(qα, pα) = 1
2
fαβpαpβ + V (q) = 0. (7)
To proceed with canonical quantization, one has to construct the Wheeler-DeWitt (WD) equation
which is nothing but the quantum operator version of the constraint equation (7) operating on a
time independent function (known as wave function of the Universe). In the present context the WD
equation is
Hˆ(qα,−i ∂
∂qα
)ψ(qα) = 0. (8)
Due to the dependence of fαβ on q there is an ambiguity related to factor ordering in the above
WD equation. However, it may be resolved by demanding that the quantization in minisuperspace is
covariant in nature i.e., invariant under the change in fields:qα → q˜α(qα). As a result the Hamiltonian
operator becomes
Hˆ ≡ −1
2
▽2 +ξR+ V (q), (9)
where the Laplacian operator ▽2 and curvature scalar R are defined over the minisuperspace metric
fαβ, and ξ is an arbitrary constant.
We shall now discuss the issue of probability measure in quantum cosmology. Usually, for hyperbolic
type of partial differential equations (PDE) ∃ a conserved current
−→
J =
i
2
(
ψ∗ ▽ ψ − ψ▽ ψ∗), (10)
with
−→▽.−→J = 0. Here ψ is a solution of the hyperbolic PDE (note that the WD equation is a hyperbolic
PDE on minisuperspace). One can define the probability from this conserved current but it is not free
5from negative probabilities. As a result, a correct probability measure on the minisuperspace can be
chosen as
dp = |ψ(qα)|2dV, (11)
where dV is a volume element on minisuperspace.
III. CONFORMAL SYMMETRY
There are rich geometrical structures corresponding to conformal invariance. A vector field Xa is
a conformal killing vector (CKV) of the metric gij if
L−→
X
gij = χ(x
k)gij , (12)
where L−→
X
stands for the Lie derivative of the Lagrangian with respect to the vector field
−→
X and χ is a
function of the space. As a particular case if χ is a non-zero constant (say χ
0
6= 0) i.e., L−→
X
gij = χ0gij
then
−→
X is called a homothetic vector field, while for χ
0
= 0 i.e., L−→
X
gij = 0, the vector field
−→
X is
called a killing vector field.
Two metrics g and g¯ of the same space are said to be conformally related if ∃ a function ξ(xk) such
that
g¯ij = ξ
2(xk)gij . (13)
Now the class of conformal killing vectors form an algebra which is termed as conformal algebra of
the metric [44]. Similarly, the set of homothetic vector fields and the set of killing vector fields also
form algebras known as homothetic algebra (HA) and killing algebra (KA) respectively. These two
algebras are closed subalgebras of the conformal algebra (CA)
KA ⊆ HA ⊆ CA. (14)
In an n dimensional manifold (n > 2) of constant curvature the dimension of these three algebras
are (n+1)(n+2)2 ,
n(n+1)
2 + 1 and
n(n+1)
2 respectively. Although, two conformally related metrics have
the same conformal algebra but the subalgebras are not the same. However, if
−→
X is a conformal
killing vector for the conformally related metrics g and g¯ having conformal factors χ(xk) and χ¯(xk)
respectively then one has
χ¯(xk) = χ(xk) + L−→
X
(ln ξ). (15)
6As physical systems are mostly described by appropriate Lagrangians it will be interesting to study
the notion of conformal Lagrangian. It has been shown by Tsamparlis et al.[44] that the equation of
motion (i.e., the Euler-Lagrange equations) corresponding to two conformal Lagrangians transform
covariantly under the conformal transformation provided the total energy (i.e., the Hamiltonian)
is zero. Equivalently, systems with vanishing energy are conformally related and corresponding
equations of motion are conformally invariant.
Subsequently, the authors in reference [44] have extended the idea of conformally equivalent La-
grangian to scalar field cosmology in general Riemannian space. According to them, a non-minimally
coupled scalar field cosmology is equivalent to a minimally coupled scalar field cosmology in a
conformally invariant metric, provided: (i) the Lagrangians are conformally related and (ii) the
coupling function is given by F (ψ) = −(2ξ2)−1 < 0. However, in the context of quantum cosmology,
due to the Hamiltonian constraint the total energy of the system has to be zero and hence one has
conformally invariant systems with respect to equations of motion.
Finally, from the point of view of Noether symmetries the above conformally related physical
systems are not identical because the Noether symmetries follow the homothetic algebra of the metric
which are distinct for two conformally related metrics.
IV. FORMULATION OF WHEELER-DEWITT EQUATION IN THE PRESENT
COSMOLOGICAL MODEL AND THE LIE POINT SYMMETRY
In the background of flat FLRW space–time
ds2 = −dt2 + a2(t)
[
dr2 + r2dΩ22
]
, (16)
where a(t) is a scalar function and dΩ22 = dθ
2 + sin2 θ dφ2 is a metric on the unit-2 sphere. The
Lagrangian for non-minimally coupled scalar field with non-interacting hot dark matter is given by
[28], [29]
L(a, a˙, φ, φ˙) = −3aa˙2 + 1
2
a3λ(φ)φ˙2 − a3V (φ)− ρ0a3(1−γ). (17)
The Friedmann equations for the model are given by
3
a˙2
a2
= ρm + ρφ, (18)
7and
2
a¨
a
= −1
3
[
(ρm + 3pm) + (ρφ + 3pφ)
]
. (19)
Here λ(φ) and V (φ) are respectively the coupling function and potential of the non-minimally coupled
scalar field having energy density ρφ and thermodynamic pressure pφ as
ρφ =
1
2
λ(φ)φ˙2 + V (φ), pφ =
1
2
λ(φ)φ˙2 − V (φ). (20)
The hot dark matter has (ρm, pm) as the energy density and thermodynamic pressure having equation
of state parameter: pm = (γ − 1)ρm, γ a constant. The evolution of these two non-interacting matter
components are
ρ˙φ + 3H(ρφ + pφ) = 0,
that is
λ(φ)φ¨+
1
2
λ′(φ)φ˙2 + 3Hλ(φ)φ˙+
dV
dφ
= 0, (21)
and
˙ρm + 3H(ρm + pm) = 0, (22)
which on using the above condition (pm = (γ − 1)ρm) and integration gives
ρm = ρ0a
−3γ , (23)
where H = a˙
a
is the usual Hubble parameter.
Note that equation (21) can be obtained from the Lagrangian (17) by variation with respect to the
scalar field φ. Also due to the absence of explicit time dependence of the Lagrangian, the Einstein
equation (18) is termed as the Hamiltonian constraint equation.
The momenta conjugate to the configuration variables a and φ are given by
pa =
∂L
∂a˙
= −6aa˙, pφ = ∂L
∂φ˙
= a3λ(φ)φ˙. (24)
So the above Hamiltonian constraint in terms of the momenta takes the form:
H ≡ − 1
12
p2a
a
+
1
2a3
p2φ
λ(φ)
+ a3V (φ) + ρ0a
−3(γ−1) = 0. (25)
8For the above Hamiltonian, the equivalent Hamilton’s equation of motion are
a˙ = − 1
6a
pa, φ˙ =
1
a3λ(φ)
pφ,
p˙a = − 1
12
p2a
a2
+
3p2φ
2a4λ(φ)
− 3a2V (φ) + 3(γ − 1)ρ0a−3γ+2,
p˙φ = −a3V ′(φ) +
p2φλ
′(φ)
2a3λ2(φ)
. (26)
The Lagrangian (17) of the system can be divided into two parts: the kinetic part which consists
of the first two terms while the last two terms together are known to constitute the dynamic part. In
fact, the kinetic part may be considered as a 2D Riemannian space having the line element
ds2 = −6a da2 + a3λ(φ) dφ2. (27)
This 2D Lorentzian manifold having co-ordinates (a, φ) is termed as minisuperspace. On the other-
hand, the dynamical part is defined by the potential
Veff (a, φ) = 2a
3
[
V (φ) + ρ0a
−3γ
]
. (28)
In quantum cosmology, the wave function of the Universe is determined by solving the WD equation
which is a 2nd order hyperbolic partial differential equation. In fact WD equation is the Klein Gordon
(KG) equation defined by the conformal Laplacian operator over the minisuperspace as
△ψ + (n− 2)
4(n − 1)R(x
k)ψ + Veff (x
k)ψ = 0, (29)
where △ = 1√
|g|
∂
∂xi
(√|g| ∂
∂xj
)
is the conformal Laplacian operator, gij is the metric and n is the
dimension of the minisuperspace. So in the present minisuperspace (having dimension n = 2) the WD
equation becomes
△ψ + 2a3
[
V (φ) + ρ0a
−3γ
]
ψ = 0, (30)
with the Laplacian operator defined by:
△ ≡ − 1
6a
(
∂2
∂a2
+
∂
∂a
)
+
1
a3λ(φ)
∂2
∂φ2
. (31)
Paliathanasis and Tsamparlis [28] showed that the Lie point symmetries of the KG equation (29) are
connected to the conformal algebra of the minisuperspace metric gij . According to them the general
form of the Lie point symmetry vector can be expressed as
−→
X = ξi(xk)∂i
[
(2− n)
2
λψ + a0ψ
]
∂ψ, (32)
9where ξi is a conformal killing vector of the minisuperspace having the conformal factor λ(xk). Also
the Lie point symmetry condition restricts the potential to
L−→
ξ
Veff + 2λVeff = 0. (33)
Here L−→
ξ
is the above symmetry vector
−→
X (in equation (32)) which can be simplified a bit by the
coordinate transformation xi → ui so that ξi∂i → ∂∂uj such that
−→
X becomes
−→
X = ∂j +
[
(2− n)
2
λψ + a0ψ
]
∂ψ, (34)
One can now reduce the WD equation using this symmetry vector in the following two equivalent
ways:
I. In this approach considering the symmetry vector
−→
X as a Lagrange system, the zero-order
invariants give
dyI
0
=
dyJ
1
=
dψ(
2−n
2 λ+ a0
)
ψ
, (35)
(with I 6= J) which has the solution
yI = CI , a constant,
and ψ(yI , yJ) = ψ0(y
I) exp
[∫ {(
2− n
2
)
λ+ a0
}
dyJ
]
. (36)
II. Alternatively, one can extend the above Lie point symmetry to Lie-Ba¨cklund symmetry so that
the symmetry (34) becomes the contact symmetry
X˜ =
[
ψ,J −
(
2− n
2
λ+ a0
)
ψ
]
∂ψ. (37)
Hence the differential equation for ψ now becomes
ψ,J −
(
2− n
2
λ+ a0
)
ψ = a1ψ,
that is
ψ,J =
(
2− n
2
λ+ b0
)
ψ, b0 = a0 + a1 (38)
which has the solution
ψ(yI , yJ) = ψ1(y
I) exp
[∫ {(
2− n
2
)
λ+ b0
}
dyJ
]
.
10
On the otherhand, in the context of WKB approximation one can write the wave function as
ψ(xk) ∼ eis(xk) and consequently the WD equation (30) reduces to the (null) Hamilton-Jacobi equa-
tion:
− 1
12a
(
∂s
∂a
)2
+
1
2a3λ(φ)
(
∂s
∂φ
)2
+ a3V (φ) + ρ0a
−3(γ−1) = 0. (39)
Note that this first order non-linear partial differential equation is nothing but the Hamilton-Jacobi
(H–J) equation of a Hamiltonian system moving in the same geometry under the conformal Laplace
operator of the WD equation having the same potential. Thus to obtain the invariant solution of
the WD equation and the Hamiltonian system to be Liouville integrable there should be at-least
(n − 1) independent Lie point symmetries (which form an Abelian Lie algebra) of a n−dimensional
WD equation. So the solution of the WD equation can be expressed in terms of zero order invariants
of these Lie point symmetries as
ψ(x˜n, x˜J) = φ(x˜n) exp
[
n−1∑
J=1
∫ {(
2− n
2
)
λ−QJ
}
dx˜J
]
,
where Q
J
’s are the constants of motion along the symmetry directions and φ(x˜n) satisfies a linear
second order ordinary differential equation. Thus for reduction or solution of the WD equation, Lie
point symmetries of the WD equation can be considered and these symmetries can be determined
using the conformal killing vector of the minisuperspace.
In section III it has been shown that the conformal killing algebra formed by the conformal killing
vectors are different for two conformally related metrics. As a result the Lie symmetry vector which re-
duces/solves the WD equation changes due to conformal transformation and hence the above solutions
will be different.
V. A GENERAL STUDY OF NOETHER SYMMETRY
From the point of view of general methods to have conserved quantities, the Noether symmetry
approach will be very much relevant. A vector field
−→
X defined over the tangent space of configurations
TQ ≡ {q, q˙} can be written as
−→
X = α(q)
∂
∂q
+ α˙(q)
∂
∂q˙
. (40)
Then according to Noether theorem [45],[46]
L−→
X
L = 0,
11
that is
−→
XL = α∂L
∂q
+ α˙
∂L
∂q˙
, (41)
where the Lagrangian L is defined over the tangent space of configurations (i.e., TQ). The above
condition corresponds to a constant of motion for the Lagrangian i.e., the phase flux is conserved
along the vector field
−→
X . On the otherhand, in the case of the Hamiltonian formulation, the above
(Noether) symmetry condition becomes
L−→v H = 0, (42)
with −→v = q˙ ∂
∂q
+ q¨ ∂
∂q˙
.
We shall now apply this symmetry condition to the minisuperspace models of quantum cosmology
to obtain appropriate interpretation of the wave function of the Universe. Due to Noether symmetry
one gets the conserved canonically conjugate momenta as
Πi ≡ ∂L
∂qi
= i−→xiθL = Σi, i = 1, 2, .....m (43)
where ‘m’ is the number of symmetries. So on quantization for each i
−i∂qi
∣∣ψ〉 = Σi∣∣ψ〉, (44)
which implies that a translation along the qi- axis is singled out by the corresponding symmetry.
Assuming the conserved quantities
∑
i to be real one gets oscillatory solution components for the
wave function along the symmetries as
∣∣ψ〉 = m∑
k=1
ei
∑
k q
k ∣∣φ(ql)〉, l < n, (45)
where the index ‘l’ stands for directions along which there is no symmetry and ‘n’ is the dimension of
the minisuperspace. Thus for the existence of Noether symmetry, the wave function has an oscillatory
part and the conjugate momenta along the symmetry directions should be conserved.
Further, due to symmetries there are first integrals of motion and it is possible to choose classical
trajectories. In particular, if the minisuperspace is of dimension one or two then due to Noether
symmetry one can have complete solution of the problem and as a result there is full semi-classical limit
of quantum cosmology. Then the Noether symmetries and the corresponding reduction procedure of
dynamics selects a subset having oscillatory behaviour of the solution of the WD equation. According
to Hartle [47], the wave function of the Universe with the above symmetry condition corresponds
to conserved momenta and the trajectories can be interpreted as classical cosmological solutions.
Conversely, if a subset of the solution of the WD equation has an oscillatory behaviour then there
exists conserved momenta and Noether symmetries along those directions.
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VI. NOETHER SYMMETRY IN NON-MINIMALLY COUPLED SCALAR FIELD
COSMOLOGY
The Lagrangian is defined on the 2D configuration space {a, φ} (which is termed as minisuperspace)
and hence the Noether symmetry vector field
−→
X = α
∂
∂a
+ β
∂
∂φ
+ α˙
∂
∂a˙
+ β˙
∂
∂φ˙
, (46)
acts on this configuration space. Here α = α(a, φ), β = β(a, φ), α˙ = ∂α
∂a
a˙+ ∂α
∂φ
φ˙, and β˙ = ∂β
∂a
a˙+ ∂β
∂φ
φ˙.
Now the Noether symmetry condition (i.e., L−→
X
L = 0) results in a system of partial differential
equations
α+ 2a
∂α
∂a
= 0, (47)
6
∂α
∂φ
− a2λ(φ)∂β
∂a
= 0, (48)
3αλ + βaλ′ + 2aλ
∂β
∂φ
= 0, (49)
and
3αρ0 + 3αV (φ) + βaV
′(φ) = 0, for γ = 0,
3αV (φ) + βaV ′(φ) = 0, for γ = 1. (50)
Using the method of separation of variables one writes α = α1(a)α2(φ) , β = β1(a)β2(φ) and choosing
λ(φ) = λ0
φ2
(from the Lie symmetry of the evolution equations, for details see reference [33]) the
solutions are the following:
A: λ0 > 0
α =
A0√
a
cosh(p ln φ+ b1), (51)
β = − 4A0
κ2λ0
pa−
3
2φ sinh(p ln φ+ b1), (52)
V =

 V0 sinh
2(p ln φ+ b1), for γ = 1
V0 sinh
2(p ln φ+ b1)− ρ0, for γ = 0
(53)
13
B: λ0 < 0
α =
A0√
a
cos(p ln φ+ b1), (54)
β = − 4A0
κ2 |λ0|pa
− 3
2φ sin(p ln φ+ b1), (55)
V =

 V0 sin
2(p ln φ+ b1), for γ = 1
V0 sin
2(p ln φ+ b1)− ρ0, for γ = 0
, (56)
with p2 = 38κ
2 |λ0|, A0, an arbitrary integration constant.
On the otherhand, assuming the potential of the scalar field to be exponential i.e., V = V0e
µφ, (V0, µ
are constants) the above set of partial differential equations has the solutions:
C. γ = 0
α = α0a
−1
2
[
eµφ
(
1 +
ρ0
V0
e−µφ
)
− ρ0
V0
ln
(
eµφ +
ρ0
V0
)] 1
2
,
β = −β0a
−3
2
(
1 +
ρ0
V0
e−µφ
)[
eµφ
(
1 +
ρ0
V0
e−µφ
)
− ρ0
V0
ln
(
eµφ +
ρ0
V0
)] 1
2
,
λ = λ0
eµφ(
1 + ρ0
V0
e−µφ
)2 [
eµφ
(
1 + ρ0
V0
e−µφ
)
− ρ0
V0
ln
(
eµφ + ρ0
V0
)] 1
2
. (57)
D. γ = 1
α = α0a
−1
2
[
b0 + c0e
µφ
] 1
2
,
β = −β0a
−3
2
[
b0 + c0e
µφ
] 1
2
,
λ = λ0
eµφ
[b0 + c0eµφ]
, (58)
with α0 , β0 , λ0 , b0 and c0 being arbitrary constants.
To simplify the Lagrangian using cyclic variables the transformation of the minisuperspace variables
take the following forms:
For: λ0 > 0
a =
(
3A0
2
) 2
3 (
u2 − v2) 13 ,
φ = exp
[
1
p
(
tanh−1(
v
u
)− b1
)]
. (59)
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For: λ0 < 0
a =
(
3A0
2
)2
3 (
u2 + v2
) 1
3 ,
φ = exp
[
1
p
(
tan−1(
v
u
)− b1
)]
. (60)
As a result the transformed Lagrangian takes the simple form
L =


3A20(u˙
2 − v˙2) + 94κ2A20V0v2 + κ2ρ0 for λ0>0, γ = 1
3A20(u˙
2 − v˙2) + 94κ2A20V0v2 for λ0>0, γ = 0
3A20(u˙
2 + v˙2) + 94κ
2A20V0v
2 + κ2ρ0 for λ0<0, γ = 1
3A20(u˙
2 + v˙2) + 94κ
2A20V0v
2 for λ0<0, γ = 0
, (61)
where the variable ‘u’ is cyclic in nature.
The conjugate momenta corresponding to the new variables (u, v) are
Πu =
∂L
∂u˙
= 6A20u˙, for all γ and λ0
Πv =
∂L
∂v˙
=

 −6A
2
0v˙ for λ0>0, for all γ
+6A20v˙ for λ0<0, for all γ
.
Also the corresponding Hamiltonian in the new variables takes the form
H =


1
12A2
0
(Π2u −Π2v)− 94κ2A20V0v2 − κ2ρ0, for (λ0>0, γ = 1)
1
12A2
0
(Π2u −Π2v)− 94κ2A20V0v2, for (λ0>0, γ = 0)
1
12A2
0
(Π2u +Π
2
v)− 94κ2A20V0v2 − κ2ρ0, for (λ0<0, γ = 1)
1
12A2
0
(Π2u +Π
2
v)− 94κ2A20V0v2, for (λ0<0, γ = 0)
. (62)
The Noether symmetry in the new variables is given by
Πu = 6A
2
0u˙ = Σ0. (63)
For canonical quantization we write the operator version: Πu → −i∂u, Πv → −i∂v and the Wheeler-
DeWitt equation now becomes[
∂2
∂u2
− ∂
2
∂v2
+ 3A20κ
2
(
9A20V0v
2 + ρ0
)]
Ψ = 0, for (λ0>0, γ = 1)
[
∂2
∂u2
− ∂
2
∂v2
+ 27A40κ
2V0v
2
]
Ψ = 0, for (λ0>0, γ = 0)
[
∂2
∂u2
+
∂2
∂v2
+ 37A20κ
2
(
9A20V0v
2 + ρ0
)]
Ψ = 0, for (λ0<0, γ = 1)
[
∂2
∂u2
+
∂2
∂v2
+ 27A40κ
2V0v
2
]
Ψ = 0, for (λ0<0, γ = 0) (64)
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Also the quantum version of the constraint equation takes the form,
−i∂u
∣∣Ψ〉 = Σ0∣∣Ψ〉 (65)
which has the simple solution:
∣∣Ψ〉 = ∣∣Φ(v)〉 exp(iΣ0u).
So from the WD equation
∣∣Φ(v)〉 satisfies[
d2
dv2
+
(
ξ2 − µ2v2
)]∣∣Φ(v)〉 = 0, for λ0>0, γ = 1[
d2
dv2
+
(
ξ20 − µ2v2
)]∣∣Φ(v)〉 = 0, for λ0>0, γ = 0[
d2
dv2
+
(
µ2v2 − ξ2
)]∣∣Φ(v)〉 = 0, for λ0<0, γ = 1[
d2
dv2
+
(
µ2v2 − ξ20
)]∣∣Φ(v)〉 = 0, for λ0<0, γ = 0 (66)
with µ2 = 27κ2A40V0, ξ
2 = Σ20 − 3A20κ2ρ0, ξ20 = Σ20.
The first two equations in equation (66) are nothing but analogous to the time independent Schro¨dinger
equation for quantum harmonic oscillator while the last two differential equations in equation (66)
have solutions as parabolic cylinder functions. Thus the solutions of the first two equations in (66) are
time independent wave function of the quantum harmonic oscillator in terms of Hermite polynomials
which may be written as
∣∣Φ(v)〉 = ( µ
Π
) 1
4 1√
2nn!
e−
µv2
2 Hn(
√
µv), n = 0, 1, 2, .... (67)
where Hn(x) is a Hermite polynomial of degree ‘n’. Note that the parameter µ is related to the
angular frequency of the oscillator as µ = mw
~
and the energy eigenvalues are related to the parameter
ξ (or ξ0) by the relation ξ
2 = 2mE
~2
. Similarly, the solutions of the other two differential equations can
be written in terms of Whitaker function with complex argument, for details see reference [48]. The
solutions of the above WD equation becomes:
For : λ0 > 0, γ = 1
φ(v) =
C1Whitaker M
(
1
4
ξ2
µ
, 14 , v
2µ
)
√
v
+
C2Whitaker W
(
1
4
ξ2
µ
, 14 , v
2µ
)
√
v
(68)
For : λ0 < 0, γ = 1
φ(v) =
C1Whitaker M
(
1
4
Iξ2
µ
, 14 , Iv
2µ
)
√
v
+
C2Whitaker W
(
1
4
Iξ2
µ
, 14 , Iv
2µ
)
√
v
(69)
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FIG. 1: Behaviour of the wave function
VII. BRIEF DISCUSSION AND CONCLUDING REMARKS
This work presents an extensive study of quantum cosmology for non-minimally coupled scalar
field in homogeneous and isotropic FLRW geometry from the perspective of symmetry analysis. For
the present physical model the minisuperspace is a two dimensional Lorentzian manifold and WD
equation is constructed on this minisuperspace. The Lie point symmetries of this WD equation are
shown to be related to the conformal algebra of the metric of the minisuperspace and the symmetry
vector is found to be related to the conformal killing vector of the minisuperspace. The study of
Noether symmetries to the minisuperspace gives oscillatory solution to the WD equation and is
nothing but the semi-classical limit of quantum cosmology. Also the Noether conserved current
is associated with the conserved momenta of the system. Finally, the non-oscillatory part of the
WD equation is found to be time-independent Schro¨dinger equation for harmonic oscillator and the
corresponding analytic solutions are presented. Also the graphical representation of the wave function
of the Universe (from equation (65) and (68)) is shown in Fig.1.
Usually, for non-minimally coupled scalar field cosmology, one redefines the scalar field so that the
physical problem reduces to minimally coupled scalar field cosmology. Essentially, this is nothing but a
conformal transformation of the minisuperspace metric. As the symmetry vector corresponding to Lie
symmetry is related to the conformal killing vector of the minisuperspace metric while that for Noether
symmetry it is related to the homothetic vector field so that after conformal transformation, although
the conformal algebra remains the same, the two subalgebras namely killing algebra and homothetic
17
algebra will be different. Hence the quantum cosmology so constructed will not be identical due to
conformal transformation. Finally, one may conclude that symmetry analysis of the minisuperspace
has a great role in quantum cosmology, particularly in solving the WD equation.
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